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OPTIMUM BRAKING OF ELASTIC OBJECT

Abstract: In [1] the classical design procedure of elastispension of solid body is given. It
includes static calculation of suspension (defomitof static reactions); calculation of own
frequencies of vibrating protection system with giegrees of freedom; definition of
amplitudes of the object compelled fluctuationshatmonious influence. In [2] results of
numerical experiments on research of elastic sissperdynamics, executed on the basis of
specially developed program "VIBRQO", are given[3n4] laws of optimum motion of elastic
systems with final number of degrees of freedompanged and illustrated on examples.

The research purpose — the analysis of elastieessgm dynamics at optimum braking.

1. Differential equations of dynamics of elastic suspension relative
movement

The equations of motion of elastic suspension adenusing the Dalamber principle. For
not free system the geometrical sum of the maitove®f set forces, support reactions and
inertial forces is equal to zero and the geomdtsaan of the main moments of set forces,
support reactions and inertial forces concerninipéocenter is equal to zero:

P +R +@ =0, MP+MF+M? =0, (1)

where P" — the main vector of set force§§*— main vector of support reactions (shock-
absorbers);®@" — main vector of inertial forcesp/”— the main moment of set forces
concerning to the center O; R— main moment of reactionss * — main moment of inertial
forces.

The object participates in two motions: object motirelatively to mobile system of
coordinates is called as relative motion, and dhjection together with mobile system of
coordinates — transfer movement.

After designing on the axis of mobile system of rclates (figure 1) from (1) follows the
system of the linear differential equations desoghrelative movement; it is made under
condition of small movementssing, C 6,, cosd, L1, sing, L6, cosd, L1, sing, LY,

codd, C1.
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Fig.1. Scheme of the object elastic suspensio; 4shock-absorbers

For example, movement of a fastening point of thet Ehock-absorber on the axis y is
equal to forward movement of the mass center oblad $ody on this axis plus the
movements, caused by rotation round axes and sorghing to a superposition principle for
linear system):

Vi =V+v6, +v,6,, 2)
where v — movement of the mass center; vx =1, sing, cosp,; cosf, =%;
1
:
dependence equatiomw;, =v+Z,6, +Y,6,. In the same way movements of fastening points of

other shock-absorbers are calculated.

After multiplication of the corresponding rigidifiactors of support on movements and
summation of the received increments of restororgds, the expressions for restoring forces,
which enter into the right parts (considering s)gosthe motion differential equations, are
received. Equations of linear system motion:

vZ =1} sind, cosp,; cosp, =T—1' sind, =8,; sind, =8,. After transformations from (2)

d?u .
mW =-Cu-C,0, -C,0,-ms,,
d?v ,
m? = _CVV_Cvxgx _Cvzez - mfyv
d? y , 3)
mﬁ =-CW—=Cyb, —~Cyyb, —M¢,
d?6,
I dtzx =-Cv-CyW- Dxex - nygy - szez - By,
d?,
ly=52" = ~Cupt = CuyW= Dy = Dy8, =Dy 6, - B,
d?e.

I z?zz = _Cuzu - Csz_ szex - Dyzgy - Dzez -B,,
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wherem — mass of object; |y, ly, I, — the inertial momentsc, Cyy... — rigidity factors.
If, for example, to exclude shock-absorbX¢S andNe6 and rigidity in the axig C,, =0,

the expressions for rigidity factors (figure 1) anete down so

Cu :icui ; Cv:icvi ; Cuy:icuizi ; Cuz:_icuiyi; Cv><:_icvizi ; Cvz:icvixi ;
i=1 i=1 i=1 i=1 i=1 i=1
4 4

4 4 4
Dz = Z(C:uiyi2 +Cvixiz); Dy = ZC:uiZi2 ; Dx = ZC:wiyi2 ; sz = _ZCviXiZi : Dyz = _Zcuiyizi
i=1

i=1 i=1 i=1 i=1

where X, Vi, z — coordinates of fastening points of shock-atei.

2. Judtification of the optimum braking law of elastic object

The elastic system (figure 2) at its braking isessary to move in time, which to multiply
period of own fluctuations. At the end of motiore thpeed and movements of elastic system
in relative motion and the speed in transfer mosibauld be equal to zero.

For the set acceleration of transfer motion (asdwo integrals) with the accounting of
regional conditions the system of the linear equnetifor definition Cy, Co, a, L is received:

a(— }sinz( pT)cospT) - 2cos(pT)j
N, = 3 3

2a
N, :=—=—+C, -V, =0; +C =0
1 3p G~V D G
3 _ (4)
a(_1S|n (pT) _23|n(pT)j
9 3
p
~ ) -\ . -~
® 5‘\‘—’ Q) —/‘7',- ®
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Fig.2. Optimum braking of elastic system with oagrde of freedom

The roots of system (4) are found.
>sol ve({ N1, N2, N3, \d}, {C1, a, L, C2});
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{L:l V0(—sin(pT) —6sm(pT)+3cos(pT)Tpsm(pT) +6¢cos(pT)Tp) C2=0,

3 p (sin(p I*cos(p T)+2cos(pT)—2)
_ cos(p T) VO (sin(p T)* +2) g 3V0p ) (5)
sin(p T)? cos(p T)+2cos(p T)-2" sin(p T)? cos(p T) +2cos(p T) -2
Now, if to acceptp = #/T, then: L:\ﬂ; Clz\ﬁ; a:_a/oﬂ; C, =0.
2 4T

Considering the found constants, the optimum brakibasis movement, speed and
acceleration) assume the following form:

Se = —§V0 _13"1 (]I/T)T —ETSIn(II/T) Vot +C21
4 9 T 3 T 2
v, = —3VO[—1sin2(7I/T)cos(7I/T) —Zcos(nt/T)j +Yo. 6)
4°° 3 3 2
. _ 3V msin®(7t/T)
S=-="0—""2

4 T

The differential equation describing the optimunatige motion (fluctuations) of object:

d’% 2. _ N sin’(7t/T)
+kex == =2 7
a2 T4 T (7)

The solution of the equation (7) under initial ciilwths x. (0) =0, x, (0) =0:

x(t)—g sin(k ¢) V0 r*
2T =10 TP n*+9 %)

3nt . (3mt . (Tt (8)
2 72 2 2 2
3V0nT(3k Ts1n( Tj KT s 1n( 7 )+n sm( T j—27n sm( TD

16 k* 7" -160 k* I* n* + 144 *

+

Schedules of relative (figure 3) and transfer (fegd) motions are constructed at basic
data: k=8; T1=2r/k; T=10T1;, VO=5.
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Fig.3. Schedules of relative motion of system with degree of freedom
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Fig.4. Schedules of figurative motion of systempditmum braking
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Functional (9) is the criterion of difficult optimu motion of elastic system with one
degree of freedom:

T/ 2 2,2 2
J:Jr+Je:J‘[Xr2_k2Xf—Sexr +s29—Se[Be]dt. 9
0

The mathematical image of a functional (9) corresisoto the action principle in the form
of Hamilton — Ostrogradsky and, naturally, Euledsiations for (9) will be:

§ =asin’(pt), % +afx =-S. (10)

Found before the decisions (6) and (8) of the eguat(10) satisfy to regional conditions:
at the transfer motionS,(0) =0; S, =V,(0)=V,; S.(T)=L; S,=V,(L)=0; at the relative
motion — movement and speed at the initial andl fmaments of time are equal to zero.
Optimum braking of object provides its motion itibe@ final condition of absolute rest.

If frequency of own fluctuation& of elastic system with one degree of freedom (ukri
T, = 2z /k) and the law of optimum control (braking) are wmg after shutdown of control
the fluctuations of object at the end of motion @bsent ¢ > T-).

3. A numerical example of eastic suspension braking (with 6 degrees
of freedom)

For research of elastic suspension behavior thinapt figurative motion on the axig
under the law (6) is acceptell;= w; = 151,7925 [1/s] Schedules of relative motion
(acceleration and speed) and transfer motion aresented in figure 5.

Example. Basic data:
OM:=233: mass of the object.
XX1:=36.75:YY1:=35.87:2Z1:=13.1: physical inertial moments.
Coordinates of fastening points of shock-absorbers:
X:=[0.223,0.223,-0.207,-0.207,0.234,-0.22]:
Y:=[0.2,-0.19,-0.19,0.2,-0.281,-0.281]:
Z:=[-0.6235,-0.6235,-0.6235,-0.6235,0.617,0.617]:
Dynamic rigiditiesCU:=[0.17*10"7,0.17*10"7,0.17* 10" 7,0.17* 10" 7,0.12* 10" 7,0.12* 10" 7]:
CV:=[0.9*10"6,0.9*10"6,0.9* 10" 6,0.9* 10" 6,0.65* 10" 6,0.65* 10" 6]:
Cw:=[0.22*10"7,0.22* 10" 7,0.22* 10" 7,0.22* 10" 7,0.11* 10" 7,0.11* 10" 7]:

Frequencies of own fluctuations of the elastic suspn, located on their increasing:

o = 139.0505867; 151.7924930; 207.3618550; 2420809, 273.8719123; 355.8305395.

Schedules of relative and transfer motions of dbgong an axig/ are provided below
(figure 5).
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Fig.6. Schedules of relative motion of elastic saspon on an axis x




OPTIMUM BRAKING OF ELASTIC OBJECT

As appears from schedules, the absolute rest camiég® end of motion. The choice of
time of motion (depending on the period of the maime of fluctuations) and peak value of
transfer acceleration provide elimination of fliations at the end of motion of elastic
suspension.

Schedules of fluctuations of elastic suspensiothe axis xat its optimum braking on an
axisy are represented in figure 6. From schedules fa@l]diat relative rest is observed in the
axisx at the end of motion too.

The offered control model of braking at figurativetion of elastic object (suspension) can
be used at optimum braking of the modern car. Tdwsidered approach at justification of
optimum control by braking of elastic object extermh a rotary motion of large-sized elastic
systems, in-cluding, for example, installation ofirigid designs in a space [3, 4].
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